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Relationships between Drag and
Periodic Vortex Shedding

BRIAN P. QUINN*
Aerospace Research Laboratories,

Wright-P alter son Air Force Base, Ohio

ARECENT article1 concerned with the frequency of the
vortices that result from the decomposition of a laminar

wake has established the relationship

= 16.8 + 2.S(t/l)(R)112 (1)
that is valid when the boundary layer on the obstacle can be
determined from the Blasius formulas. In the preceding ex-
pression,

t = thickness of obstacle at trailing edge
I = length of obstacle
n = frequency of vortex formation
V — freestream speed
S = nl/V = a Strouhal number
R = Vl/v = a Reynolds number

For the case of a flat plate at zero incidence, an interesting
result follows from the comparison of Eq. (1) and the drag
coefficient of the plate.

The drag Fx of,the plate is assumed to be the sum of two
terms, one of which is due to viscous forces Fv = 2rol} and the
other of which is due to pressure forces Fp = (Pm — PB)t.
With this notation the drag coefficient can be written:

Cx =

L328 (2)

where

TO ••
Poo

PB -
Cp

surface shear stress
stream pressure at infinity
average pressure on base of plate
base pressure coefficient

After comparing Eq. (1) with Eq. (2), it becomes evident
that

Cx = 0.079/S (3)

C« = 0.44 (4)

To the writer's knowledge, there are no published data that
may be compared with Eq. (3), but the proportionality be-
tween the drag coefficient and the inverse of the Strouhal
number is the trend that Hoerner presents for bluff bodies in
Fig. 7 of Ref. (2).

A similar result may be found from a slight modification of
von Karman's classical vortex street analysis. To confine
"the analogy to its proper limits, it should first of all be re-
called that von Karman was occupied with a perfect fluid
and that his vortices are completely independent of the
generating body, whereas the vortices of this study are a
-con-equence of a transition of the body's laminar boundary
layer as it crosses the trailing edge.

In the notation of Fig. 1, von Karman found the following:

Drag oc Obstacle

Fx = (5)
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Fig. 1 Vortex street notation.

Stability Condition

Speed of Vortices

where

h/l = 0.281

u =

(6)

(7)

p = fluid density
F = circulation of a vortex
u = speed relative to obstacle

Moreover, the vortices of either row pass a fixed point, and
consequently are formed, with frequency:

n= (U - u)/l
or, in dimensionless form,

S = nl/U = 1- u/U
The appropriate limits on S are

The drag coefficient,

_^_
^ X ——— -, -r-r,

in terms of the ratio u/U becomes

Cx = 5.64 u/U - 2.24

= 2T / _ 2u\
Ul\ U)

F2

-rrlhU*

(8)

(9)

(10)

(U)

(12)

The desired expression results from the substitution of Eq. (9)
into Eq. (12) :

C* = 5.64(1 - S) - 2.24 (1 - S)2 (13)
and is drawn in Fig. (2).

Although Eqs. (13) and (3) and Fig. 7 of Ref. (2) are not
identical (very likely because they represent different prob-
lems), all express the same tendency: the drag coefficient de-
creases as the Strouhal number increases.

This observation is especially interesting in view of the fact
that the writer's3 experiments on flat plates alligned with the
flow, and Garber's4 on cylinders of revolution, have shown

EQ. (13)
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Fig. 2 Dependence of the drag coefficient Cx on the Strou-
hal number S for von Karman's vortex street.
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that the vortex formation frequency and thus the drag coef-
ficient, by reason of the present article, can be changed by the
action of an external acoustic signal.

Additional remarks should await a thorough experimental
investigation.
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Dynamic Response of a Nonlinear
Membrane in Supersonic Flow

HARRY G. SCHAEFFER* AND JOHN A. McELMANf
NASA Langley Research Center, Hampton, Va.

Nomenclature

= membrane length
= modulus of elasticity
= membrane thickness

Mach number
number of grid points
dynamic pressure, pU2/2
time
membrane tension
membrane pretension
freestream velocity
initial velocity of membrane
membrane deflection
initial displacement of membrane
coordinate parallel to airflow

7 = membrane mass per unit area
X = dynamic pressure parameter, 2ga//3TO
p = mass density of air
co = circular frequency

Introduction

SEVERAL investigators in the field of panel flutter have
given cursory attention to a degenerate case of a panel

(the membrane) and have concluded that, based on linear
theory, a membrane is stable when subjected to supersonic
airflow over one surface. On the other hand, experimentalists
have noted that panels that closely approximate membranes
appear to flutter physically.

In view of this apparent experimental contradiction of the
analytical prediction, there is some question concerning the
effect of nonlinearities due to large deflections on the dynamic
behavior of a membrane in a gas flow. The purpose of this
note is to consider the nonlinear problem as an initial value
problem in order to determine the effect of the nonlinearities.

Analysis

Statement of problem

An infinitely wide membrane of length a in the flow direc-
tion (x) is considered (see Fig. 1). When linearized static
aerodynamic strip theory is utilized, as in Ref. 1, the nonlinear

Received September 16, 1964.
* Aerospace Engineer, Structures Research Division. Student

Member AIAA.
t Aerospace Engineer, Structures Research Division.

Fig. 1 Membrane geometry and coordinate system.

differential equation, together with the appropriate boundary
and initial conditions, are

w(0,0 = w(a,t) = 0)
W(Z.O) = WQ(X) > (1)

wt(x,Q) = V0(x) }
Wxx ~~ 13T Wx ~ 'T Wtt =

where

T = To +
Eh
2a • dx (2).

Equation (2) expresses the fact that the tension in the mem-
brane is a function of the deflected shape and is independent
of x since inplane inertia is neglected.

Solution
Linear case, exact solution. For the linear case an exact

solution is

TtlTTXw = V AmeXx/2a sin — coscomZ
Z—4 n

(3)

where

A = 2 fa
Jo dx (5)

and 70 = 0.
The series (3) is seen to converge providing the series for the

case X = 0 converges. There are no values of X which will
cause an infinite displacement from a finite input; thus, for
the linear case, there can be no critical value of the dynamic
pressure parameter from the classical point of view, since-
there are no values of X which will make com [Eq. (4) ] complex.

Finite-difference solution. In order to investigate the effects
of the nonlinear stiffness of the membrane, a numerical pro-
cedure was used. Both the space and time derivatives in
Eqs. (1) and (2) were approximated at a discrete number of
points and times, respectively. The resulting set of equa-
tions was then integrated numerically to provide a time
history of the response.

The total membrane energy, i.e., the sum of the kinetic
and potential energies of the membrane, was used as a criterion
of stability. The system was assumed to be stable if the re-
sponse of the membrane energy with time were bounded, and
unstable if the converse were true. Prior investigation by


